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Molecular Shot Noise, Burst Size Distribution, and Single-Molecule Detection in Fluid
Flow: Effects of Multiple Occupancy
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We present a new mathematical approach for calculating burst size distributions for the detection of fluorescent
molecules introduced into a fluid flow at different rates. The burst size distributions reflect the passage of
more than one molecule through the detection volume in close succession. The calculations are based upon
a physical model appropriate for the fluorophore phycoerythrin under the conditions of no saturation of
excitation, negligible triplet-state dynamics, and negligible detector dead time. The model includes
photophysical properties of the fluorophore phycoerythrin (absorption cross section, fluorescence quantum
yield, and photostability); diffusion; sample stream hydrodynamics; spatially dependent optical detection
efficiency; and excitation laser beam characteristics. Good agreement is found between the mathematical
model and experimental results with phycoerythrin.

Introduction of fluorescing molecules through the detection volume (see
) ) Appendix), and, second, by building up a histogram of burst
In recent years, the detection and spectroscopy of single gjzes.
molecules has become a routine experimental technique. |y 3 SMD experiment with a single fluorescent molecular
Especially, the detection of single fluorescent molecules in species, with good alignment of the experimental sy&téf
liquids at room temperature has made big advafcés.The and with sufficiently low background, one observes a peak
possible applications of single-molecule detection (SMD) in expressed in the BSD due to single molecule transits near the
flowing liquids are broad and very promising, ranging from middle of the detection volume. If more than one fluorescent
DNA sequencing? 2 sizing of DNA fragmentg;~2* genetic ~ molecular species with different fluorescence characteristics is
screening? and diagnostié$-27to the study of single-molecule  present in the sample stream, one expects to see several peaks
chemical kinetic$ 3! and the detection of minute amounts of in the BSD corresponding to the different molecular species.
substance%33 Thus, it is possible to distinguish different molecular species
Our experimental setup for the detection of single molecules in the sample stream by their fluorescence intensity character-
in fluid flow is shown in Figure 1. Single molecules are injected istics, a task which may be difficult in some bulk measurements.
from a small capillary into the sheath flow of a surrounding This technique has been successfully applied to the sizing of
larger capillary. Downstream, a laser beam is focused into the PNA fragments stained with intercalating dy€s=*
capillary for exciting fluorescence from the molecules passing _ But, another process will also cause multiple peaks in the
through the probe volume. The resulting bursts of fluorescence BSD. For finite concentrations of fluorescent molecules in the
photons emitted by a molecule are detected by appropriate, largeS@mple stream, there exists always a nonvanishing probability

numerical aperture (NA) detection optics. The optical axis (  that more than one molecule will pass in close succession
axis) is perpendicular to the flow directios-4xis) and to the through the detection volume. This causes additional peaks in
laser beamy(axis). the BSD at the position of higher burst size numbers. A related

effect was reported by Chen and Doviéhivhen detecting very
small numbers of molecules in capillary electrophoresis. There,
the fluctuations in the number of detected photoelectrons due
to the fluctuations of the number of molecules in the sampling

In a SMD experiment in fluid flow, one may measure the
number of photons counted in consecutive time intervals of a
given width. The common way of processing this measured
raw data is to first apply a digital filter to smooth the data (see ,q;ume were dubbed “molecular shot noise”.

Appendix A). A burst is defined as a peak in the filtered data 14 55176 this situation in more detail, one needs a concise
stream thgt exceeds a pres.et th.resh_old.. . One may then apply @nd reliable theoretical description of the experiment, which
burst-finding algorithm for isolating individual photon bursts, 5105 quantitative predictions of the BSD for different con-
which corresponds to the transit of fluorescing molecules cenrations and molecular characteristics. In a recent paper, we
through the detection volume. The total number of raw data jnyroduced a new path integral approach for the computation
counts that occur during the interval for which the filtered data of the photon detection statistics in SMD experiméftsn the
stream exceeds the threshold is termed the burst size. The bursbresent paper’ we app|y this approach to the Computation of
size distribution (BSD) is computed by first applying to the raw BSDs with special emphasis on the effect of multimolecule
data a smoothing and burst-finding algorithm for finding events, when more than one molecule traverses the detection
individual fluorescence photon bursts, corresponding to transitsyolume at the same time.

The paper is organized as follows. In section 2, we outline
*To whom correspondence should be addressed. briefly the path integral approach for calculating burst size
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Detector

Injection capillary

Sheath flow
Figure 1. Sheath flow SMD experimental schematic. The coordinate origin is at the focus of the laser beam.

distributions for pure single molecule transits. Furthermore, we N

00 Vf
consider the problem of multimolecule events from a theoretical P,(N) = [ dV, N SXPCEVY)-PLV] 2
point of view. In section 3, we present the results of SMD '
experiments with B-phycoerythrin and compare the results with The gistribution functiorP[V4] is given in the form of a path

the theoretical model developed in section 2. A discussion of jntegral, running over all possible photobleaching times and
the results concludes the paper. molecule trajectories:

Theoretical Section P(V,) =

Calculating the Burst Size Distribution for Pure Single- T = [l = =
Molecule Transits. The experimental setup used in the ﬂ) dt,y f DT (1) J[V; ﬂ) dtV[T (O Vol T ()] x
following considerations is shown in Figure 1. Let us consider t ([T (1) — 3]2 _ _
the transit of a single molecule through the detection volume. exg — J, dt 4D + Vol T (O] |Pol T ol +
Suppose the molecule startstat O far outside and upstream

- T -
of the focused laser beam (in some plage= {xy,z}, 20 = JDT®) o[V, — [ dtV[T(B)]] x
const.) and choose a tinfdarge enough that the molecule will e T}]z
have crossed the detection volume with near certainty=af. ex[{— ﬁ) dt(T + Vb,[‘r’(t)])]po[_r'o] (3)

The BSD is then given by the probability distributi®a(N) of
measuringN photons within the time intervgl0,T}. The lower
index 1 reminds us that we are dealing with psirglemolecule
crossings.

A detailed derivation of the probability distributid?y(N) is
presented in ref 35. Here, we restrict ourselves to conditions
corresponding to the SMD experiments with B-phycoerythrin

beloyv:_ ho optical saturation effects (IOV.V laser intensity); JDT(t) symbolizes the path integration, which, in eq 3, runs
negligible detector and electronic dead times (even for the . . . : =
over all possible paths with arbitrary starting poiit and

highest molecule injection rate that we used in our measurements

. L arbitrary end point. The first term in the sum of eq 3 takes
we estimated that we are missing, on average, no more than o
o . _into account the contribution of molecules that photobleach
3% of the photon counts); linear one-step photobleaching

dynamics®! and negligible triplet-state dynamics of B-phyco- while crossing the laser beam, whereas the second term accounts

erythrin.  Furthermore, we observe no polarization in the for‘l’?]”erfrlljor:gtﬁgfsi/t(??taﬂgCoéfzgaoglsicgcified further b
emission from phycoerythrin and do not include any polarization f ol P y
effects in the model. =\ =

The basic idea is to consider first the subensemble of all Vi(T) = () Pl (T) )
molecules with the same trajectom(t) and, among this and b
subensemble, the sub-subensemble of molecules which are y
photobleached at the same tiiae For this sub-subensemble V() = & ol(T
of molecules, the photon detection statistics are given by a () ool (7) ()
simple Poisson distribution with a mean equal to

where O[f(F)] is a o-function functional, po(fo) OF is the
probability of finding a molecule in the small volum® at
position Tp at time t = 0, otVy(F) is the probability of
photobleaching the molecule within tind if the molecule is

at positionr, D is the diffusion constant of the molecule, and

is the flow velocity of the sample stream. The expression

wherel(r) is the position-dependent laser intensity (photons per
o _ area per time)y(r) is the position-dependent collection and
Vi= j; dt V([T (t)] 1) detection efficiency of the detection optics and electronigs,

and®y, are the fluorescence and photobleaching quantum yields,
where 6tV4(r) is the probability of detecting a photon within  ando is the absorption cross section. Here, the laser intensity
time ot if the molecule is at positioni. Thus, the probability is assumed to be low (no optical saturation effects), and
P1(N) to detectN photons during the time intervglD,T} is a background counts are neglected. We are not considering
superposition of Poisson distributions, background effects here, since fluctuations in the background
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in the SMD data could be effectively reduced by the application

of a Lee filter.
In general, it is probably impossible to find an analytical =200
expression foP;(N). In the present paper we apply a Monte- M :

Carlo sampling for calculating thie;(N). The basic difficulty

in calculating eq 3 is that the path integral runs over an infinite
number of paths. The idea of a Monte-Carlo calculation is to
choose these paths randomly and then to perform the remaining
integrations numerically. After sampling over a large number
of different paths one expects to gain a sufficiently precise :
approximation of the true values & (N) (for details see ref
35).

Multiple Molecule Events. For any nonvanishing concen-
tration of fluorescent molecules in the sample stream, the
probability that two or more molecules pass in close a succession
through the detection volume so as to yield a single photon
burst can never be zero. If two (or mor_e) molecule_s are P ™ 5 g pr 0
following in too close a succession, they will cause a single, Burst size (photoelectrons)
longer lasting fluorescence burst which is no longer resolvable rigyre 2. Measured B-phycoerythrin BSDs for different injection
into two (or more) single bursts (see the Appendix for the burst pressures (numbers on the right side in units of mmHg). The
determination algorithm). This will cause additional peaks in distributions were calculated from a total of between 1700 (lowest
the BSD or at least a broadening of the BSD at higher burst injection rate) and 9000 (highe_st injection rate) bursts. The curves are
sizes. To model this, we will use a simplified picture. et offset from each other for clarity.
be a weight factor proportional to the probability thiat N o ] )
molecules pass successively through the detection volume eacf§iZiNg?*>* Excitation was accomplished with a mode-locked
separated by less than the mean transit time, producing a singld200 ps pulse width @ 82 MHz) Arlaser operated at 514.5
unresolved burst. The corresponding BSD of all sueh nm. The output was attenuated with a polarizer/half-wave plate
molecule bursts is then given by the convolution of the BSD assembly to 1.0 mW and focused to a2® (1/* diameter)
for all (k — 1)-molecule bursts with the BSD of pure single- circular spot at the center of a 250250um? square bore sheath

molecule bursts. Thus, for the two-molecule BSD we have flow cuvette (NSG Precision Cell, Inc.). Fluorescence was
collected at 90 with a 40x, 0.85 NA microscope objective

Relative frequency
o o
I 1
el —_
S o
<

P,(N) = Z P1(Np) Py(N) (6) (Nikon Fluor) and spatially filtered with a 4Q@m slit located
NoFNz=N at the image plane of the microscope objective. The probe
and for thek-molecule BSDs wittk > 2 volume thus defined was approximately 3 pL. Light passing
_ through the slit was spectrally filtered with a 30 nm bandpass
PUN) = Z 3 P1(Ny) Py(Ny)...Py(N filter centered at 575 nm (575DF30 Omega Optical). The
Ni+No+.. +Ne=N . . . . . .
filtered light was focused with a 20 microscope objective on
5 i .
— Z P,(N)P,_4(N,) @) thhe 230 (;< 200 um? area of a photon-counting a\I/aIanche
N A= photodiode (SPCM-200-PQ C.D. 2027, EG&G Optoelectronics,

Canada). The sheath fluid water was deionized and purified
on a Milli-Q water system (Millipore, Bedford, MA) and was
delivered to the flow cell using gravity feed. The sheath
volumetric flow rate was adjusted to give transit times through
the probe of ca. 1 ms. B-phycoerythrin dissolved in 1
Dulbecco’s phosphate buffered saline at a concentration of 1.4
x 10719 M was forced through a capillary (o.d. @@n, i.d. 20

um, Polymicro Technologies) via a pressure differential. B-
Phycoerythrin was eluted from the capillary tip, which was

An estimate for the weight factorg remains to be found. Let

75 be the minimum time between molecules which will yield
resolvable photon bursts, ang, be the mean delivery time
between molecules injected into the fluid flow (molecule
delivery rate equal to tf). Thenwg can be calculated as being
proportional to the probability thdt successive molecules are
separated by times less thanand that before and after this
“molecular train” there is no other molecule within ting If
molecules are assumed to arrive randomly, then the probability

density of the timet until the next molecule arrival syt positioned inside the square bore cuvette, approximately 100
expt/tn). Thus, the probability that > 75 is given by  #M upstream of the probe volume.

exp(14tm), and we have for they Photoelectron pulses from the photodiode were amplified,
t\[k1 t T, cqnditioneq with a constant fraction discriminator, and counted
W, = expl — Il—l fo " exgd —||lexd — with a multichannel scaler (MCS) PC card (Oxford Instruments).

tof] = Tm Tm T An IDL (Interactive Data Language, Research Systems, Inc.)

program was used to analyze the data (see Appendix). Photon
2t T bursts from B-phytocoerythrin were sifted from the data, and

k-1
= | P _s
- ex;{ t )[1 exp( t )] (®) the burst areas were integrated and histogramed.

" " The BSDs of nine measurements at different injection rates
(different injection pressures) are shown in Figure 2. The sheath
flow velocity was held constant throughout these measurements
to yield a transit time of ca. 1 ms. At low sample injection
Experimental Section pressure, the B-phycoerythrin molecules are dilute enough that
The experimental apparatus used to collect the B-phycoeryth-mostly single molecules pass through the focused laser and a
rin data is similar to that previously used for DNA fragment single peak appears at 30 photoelectrons. With increasing

This, of course, is only an approximate estimation since it
assumes a constant valuergfor all bursts. A similar estimate
for the casek = 2 is given in ref 36.
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injection rate, additional features occur in the high burst size i ' , * ' 1 ' T
region, which indicates an increasing fraction of multimolecule
bursts.

Results

Before being able to perform numerical calculations of the
BSDs, one has to specify the spatially dependent laser beam
intensityl(r), the spatially dependent optical collection efficiency
7(F), and the initial molecule distributiopy(r). For the laser
beam intensity we assumed a Gaussian profile (laser focus
situated ax = z = 0).

1(x,2 = Z—PZ exp{—zx2 —:ZZI 9)

W w

Relative frequency

wherew denotes the beam waist radius d@hds the total laser : ‘

power (in photons per time unit). We neglect the divergence 10 20 30 40B ) 50 o 6101 70 80 90 100

of the beam, assuming that the extent of the detection region et size (photoctectrons)

along the laser beam is sufficiently small. Figure 3. Comparison between measured (crosses) and calculated pure
For the optical collection efficiency we used the expressions single-molecule (solid line) BSD for the lowest injection rate (35

derived and studied in ref 37. Wity denoting the maximum Hg).

value of the collection efficiency andibeing the width of the  y the equation

slit image in the object space, the spatial dependence of the

collection efficiency functiom(r) is given by —Z
Ao ln-eped)) (19
o 0
n(xy) = 1= X . . .y
ﬂ(_ cosy) . whereyo denotes the flow velocity andis some empirical flow
arcsidSm 0\ _ cosy arcta cosy sin6 Omax (10) acceleration constant. Itis assumed that the extent of the lateral
siny /sinz st o distribution (across the flow direction) of the molecules is small
4 Onin enough so that any effect of the velocity profile of the sheath
where the abbreviations flow can be neglected. Furthermore, the sample stream is
assumed to be exactly centered with respect to the laser beam
w = arcsin(NAh) axis and the optical collection axis.
The following parameter values were used throughout all
_ d/2 + calculations (see ref 35): diffusion constddt= 43 um?/s,
Ormin = ma>{—arcta|6 X y) _’/’) (11) absorption cross sectiom = 5.4 x 10~7 um? fluorescence

guantum yield®; = 0.98, total laser powelPy = 2.6 x 10

d2—w s1(1.0 mW @ 514 nm), laser beam waist radimis= 10 um,

X y) 1/1) width of the slit image in the object spade= 10 um, maximum
collection efficiencyno = 1.3 x 1072, and distance of the

Orax = min(arctaré

are used, an@min < Omax NA is the value of the numerical injection point from the laser beamy = —100um.
aperture, ana is the refractive index in the object space. If The time step used in the Monte-Carlo simulation as=
Omin > Omax thenn(xy) is equal to zero. 50 us (equal to the time bin width in the experimental

The initial probabilitypo(fo) is assumed to be uniform atthe  measurement system), afavas set equal to 2.5 ms. For every
injection capillary. Rather than running the Monte-Carlo simulation, 16 paths were sampled. One simulation requires
simulation the entire distance to the laser focus, we recalculatedapproximately 3.5 min on a Pentium processor 133 MHz PC.
the distribution at a new position= z, upstream of the laser  The simulation program was written with Matlab and can be
focus, employing the simple hydrodynamic model from ref 35. requested from the authot.

The optics were adjusted to obtain a narrow burst size To obtain the pure single-molecule BSBy(N), four un-
distribution, i.e., optimal alignment. Thus, the molecules are known parameters were adjusted: the photobleaching quantum
eluted from the injection capillary at positian= z, with a yield @y, the flow velocityyo (assumed to be uniform over the
uniform distribution over some disk + y? < R2. The sample  detection region), the disk radiuR and the acceleration
is then accelerated to the sheath flow velocity and undergoesparameterx. First, we modeled the BSD with the lowest
diffusion. The starting plane for the Monte-Carlo simulations injection pressure and thus the smallest fraction of non-single-
was chosen to be at= zp = —3w (negligible light intensity at  molecule crossings. From a fit to the data (Figurg2s 35
this point). Then the initial molecule distribution is given by mmHg) we find®y = 6 x 1075, 1o = 2.4 cm/s,R =5 um,
5z 2) andx = 175 s1. The comparison between the fit result and
- R 27 experiment is shown in Figure 3.
Po(xy.2) = 4,72R2Dt fo drr 0 dg 'IQo account for multimolegcule burst events, we calculated the
0 ) N higher distributionsP(N) according to eqs 6 and 7 fér= 2,
exp{ (x—rcosg)”+ (y —rsing) (12) ..., 7. We fitted the ratiay/z, directly to the data via eqs-8
4Dt, using a nonlinear least-squares fitting algorithm. The fit of the
burst size distribution for the highest injection rate is shown in
whereD is the diffusion constant, artglis indirectly determined Figure 4. Figure 5 shows the dependence of the fitted ratio
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o - species is present. Then, one has to distinguish between
contributions caused by multiple-molecule events of a single-
molecular species and single-molecular events of species with
different values of the product of the absorption cross section
and fluorescence quantum yield.

It should be emphasized that the method presented for
| determination of the raties/ry (proportional to the molecule
} injection rate) from the BSD is quite general. Even if one is
| not able to calculate theoretically the pure single-molecule BSD,
} P1(N), one can use the measured distribution (in the low

} injection rate limit) to build up, by the simple convolutions of

\

|

|

Relative frequency

egs 6 and 7, the higher order BSIPR(N). The ratiordr, was
determined via a nonlinear fit, following eq 8. This is especially
useful for obtaining accurate values @fty, under conditions

of high injection rate. In this sense, measuring carefully the
pure single molecule BSB1(N) provides a kind of instrumental
response function, from which the ratigr, for any other BSD
can be determined.

0 50 100 150 200 250 300
Burst size (photoelectrons)

Figure 4. Comparison between measured (circles) and calculated Acknowledgment. We thank Peter M. Goodwin (LANL)
(upper solid line) BSD for the highest injection rate. In the calculation, i . '
for many helpful discussions. We are grateful to Robert

the distributionsP(N) were calculated fok = 2, ..., 7 fromPy(N) o . o
shown in Figure 3. The amplitudes of ed@fwere calculated according ~ Habbersett (LANL) for providing us with the IDL burst sifting

to egs 8. The component distributions are shown as solid lines. The routine. J.E. greatly acknowledges the support of the German
increase in burst frequency in the model calculations near the origin Academic Exchange Service, granting him his stay with the Los
reflects the influence of photobleaching, leading to a larger frequency Alamos National Laboratory. J.E. thanks also Edgar Klose
of small bursts. (GMBU e.V. Berlin) for the great support of his work.

1'21‘ Appendix: Burst-Finding Algorithm

The raw datay (the number of photoelectrons in binl <
k < N) were smoothed by a Lee filter. Ideally, every burst
consists of a gradual increase and decrease of photocounts. But

1-

08; Poissonian fluctuations lead to the effect that the number of
oF | photocounts can be below a chosen threshold even after the
5”0_6 } beginning or before the end of a burst. Then, the edges of the
‘5 burst are not recognized as belonging to the same burst, but

o4 are recognized as separate bursts. This leads to underestimates

} of burst sizes at high burst size numbers and to a tremendous
; \ increase in the number of apparent bursts with low burst size
0.2 ] ‘ numbers. The function of the Lee filter is to smooth the data
‘ ‘ and thus to preclude a distortion of the burst size distribution
| when applying a simple threshold procedure.

0 - - e . . ) . !
200 40 60 80 100 120 140 160 180 200 A Lee filter of window width 2n + 1 is defined as follows:
Pressure (mm He) First, a running mean and variance are calculated using
Figure 5. Linear fit of thetdtm values versus the injection pressure.
m
tdtm on the sample injection pressure. Theoretically, the n=———— Z Ny M= K<N-m
injection rate (and thusyzm) should be directly proportional (2m+ 1)%=m
to the injection pressure: 1 m
2__ = _ =\2 _
7, oK = 2t 1)_Z (n—Ngy, 2m<ks=N-2m (A1)
= c(w — mp) (14) J=—m
m

The range ofk values is limited by the window width. The

wherex is the injection pressurer is a pressure offset value, filtered datafic are given by

andc is a constant factor. 5
s _ Ok

Discussion A =N+ (N — ”k)—akz T (A2)

Taking into account the noise in the measured BSDs, and

the simplicity of the assumptions leading to eqs8& the where oy is some constant, characterizing the filter. The
linearity of the correlation between the determined ratiosyof resulting smoothed dafé are used to define a photoelectron
Tm and the injection pressure as shown in Figure 5 is encourag-burst. A burst is defined by any continuous number of bins
ing. Thus, it is possible to extract information about the with fix > ny, whereny, is a predefined threshold value. The
molecule injection rate directly from the BSD. Furthermore, value of ny, was set equal to 1.5 times the estimated mean
predicting the exact BSD will be important in the evaluation of background count number. For the determination of the burst

SMD data where more than only one fluorescent molecular size itself, the raw data count numbexsare summed up over
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the burst range. For our experimental data, the width of the
Lee filter window was set to ben2+ 1 =11 (m=5), and the
value ofop was always equal to 5.

It should be noted that an increasing valuenoincreases
the value ofts. Sincers increases withm, a larger fraction of
multiple-molecule bursts are sifted from the data with increasing
m. We performed the data analysis leading to Figure 5 for
values ofm betweerm = 3 andm = 7, and we found a nearly
linear dependence of the slope= (tdTm)/(;t — 7o) (See eq 14)
that can be expressed as= (0.3 + 3m) x 102 (mmHg) 4,
reflecting the increasing value of with increasingm.
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